@N tribute
MARKETS & PUBLIC POLICY

ECONtribute
Discussion Paper No. 433

On the Inefficiency of Social Learning

Florian Brand| Wanying Huang Atulya Jain

October 2026 www.econtribute.de

(PN UNIVERSITAT

} )5/ ZU KOLN
UNIVERSITAT P




ON THE INEFFICIENCY OF SOCIAL LEARNING
FLORIAN BRANDL!, WANYING HUANG?!, AND ATULYA JAIN®

ABSTRACT. We study whether a social planner can restore efficient learning—defined as
a finite expected number of incorrect actions—in the canonical sequential social learning
model. For each agent, the planner chooses what social information to disclose and what
action-contingent transfer to offer. For unbounded signal distributions with regular
tails, we show that whenever learning is inefficient without intervention, no combination
of disclosure and transfers can restore efficiency with a finite budget. In particular,
disclosure alone cannot restore efficiency. We identify agents’ incentives as the key source
of this impossibility. The budget requirement, however, concerns the transfers offered
rather than the payments made. We show that even under full disclosure, the planner
can achieve efficient learning using transfers while keeping expenditure arbitrarily small.

Thus, the need for an unlimited budget does not entail large payments.

1. INTRODUCTION

A central question in social learning is: how efficiently can privately held information be
aggregated in a population? The efficiency of information aggregation concerns not only
whether society eventually learns the truth, but also how quickly it does so. Because
individuals do not internalize how their actions affect the behavior of future agents,
decentralized learning can be slow and inefficient. Such delays can be particularly costly
in settings where timely decisions are crucial, such as in the adoption of new technologies
and medical treatments, investment decisions, and political opinion formation before
elections. This raises a natural question: can a social planner intervene to accelerate
learning and restore efficiency?

Formally, we consider a sequence of short-lived agents, each receiving a private signal
about a binary state and acting once with the objective of matching the state. Unlike
the standard model, in which each agent observes the actions of all her predecessors
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[Bikhchandani, Hirshleifer, and Welch, 1992, Banerjee, 1992], agents do not observe the
action history directly. Instead, a benevolent social planner observes the history and
decides what social information about earlier agents’ actions to disclose. The planner
can also offer each agent a monetary transfer to subsidize one of the two actions. This
subsidy may depend on the disclosed information and is paid only if the agent takes the
subsidized action. Agents are fully rational, and the planner’s intervention is common
knowledge.

We measure the speed of learning using the criterion of efficient learning, introduced
by Rosenberg and Vieille [2019], which requires that the expected total number of agents
who choose incorrectly be finite. This criterion captures not only eventual correctness
of behavior—thereby ruling out incorrect herds—but also the welfare losses incurred
along the path to convergence. In the absence of the planner’s intervention, Smith and
Sorensen [2000] show that when private signals are unbounded—so that agents can receive
arbitrarily informative signals—the total number of agents who choose incorrectly must
be finite almost surely. Its expectation, however, may be infinite. Indeed, as characterized
by Rosenberg and Vieille [2019], learning is efficient only if such signals occur sufficiently
frequently. This is a demanding condition that many signal distributions fail to satisfy,
so learning is often inefficient.

To understand whether the planner can overcome this inefficiency, we focus on a class of
unbounded signal distributions with well-behaved tails, called tail-reqular signals. Within
this class, whether learning is efficient without intervention is determined by a parameter
measuring tail thickness. Our main result (Theorem 1) establishes a limit on the planner’s
ability to restore efficient learning. Whenever learning is inefficient without intervention,
any combination of an information disclosure policy and a transfer scheme either leaves
learning inefficient or requires the planner to offer substantial transfers to infinitely many
agents. Thus, no planner with a finite budget can restore efficient learning. In particular,
when transfers are unavailable, no fine-tuning of the disclosed social information can
restore efficient learning (Corollary 1).

The failure to restore efficient learning with a finite budget does not stem from a lack
of information per se. If all private signals were publicly observable, learning would be
efficient for any non-trivial signal distribution, including noisy binary signals that are not
unbounded." Nor does the inefficiency arise solely from the coarsening of private signals
into binary actions. For tail-regular signals, a planner who can dictate agents’ strate-
gies and thereby disregard their incentives could achieve efficient learning by prescribing
suitable cutoff rules for the agents (Section 3). The remaining source of inefficiency is

therefore agents’ incentives. Because agents optimally combine their private signals with

!This is equivalent to a setting with a single agent who receives a private signal and takes an action in
each period. In this case, the expected number of mistakes is finite, and the mistake probability in each
period converges to zero exponentially fast.



the disclosed social information and offered transfers, the planner can influence their
strategies only indirectly through these instruments.

The mechanism behind Theorem 1 highlights the fundamental tradeoffs that the plan-
ner faces when trying to accelerate learning. Consider first the social information disclo-
sure policy. The planner needs to provide precise social information to keep the current
agent’s mistake probability low. At the same time, he needs to extract enough informa-
tion from the agent’s action to inform future agents. Since the agent is rational, receiving
precise social information induces her to rely heavily on it and to largely ignore her
private signal. Thus, the more precise the social information, the less informative the
agent’s action becomes, undermining the planner’s ability to learn. Conversely, imprecise
social information makes the agent’s action more informative, but at the cost of a higher
mistake probability.

Transfers create a similar tradeoff. Intuitively, the planner should subsidize the con-
trarian action, that is, the action opposite to the one favored by social information. Such
a subsidy would encourage agents to rely more on their private signals, thereby allowing
the planner to infer more from their actions. Meanwhile, when an agent chooses the herd
action despite the subsidy, her choice further strengthens the social belief that the herd
action is correct. As this belief becomes more extreme, keeping future agents responsive
to their private signals requires the planner to offer increasingly large subsidies. Theorem
1 shows that these tradeoffs cannot be overcome with a finite budget: any intervention
that gives agents the incentives required for efficient learning either leaves the planner
with too little information to sustain precise social beliefs or requires offering substantial
transfers to infinitely many agents and, therefore, an infinite budget.

An infinite-budget requirement, however, does not imply large expenditure. The plan-
ner must be prepared to offer substantial transfers repeatedly, but may rarely have to
pay them. Our second result (Theorem 2) makes this distinction precise: even under
full information disclosure, where each agent observes the entire history of past actions,
the planner can restore efficient learning using transfers while keeping his expenditure
arbitrarily small. Nevertheless, by Theorem 1, any such transfer scheme must still require
an infinite budget.

Taken together, our two results identify agents’ incentives as a key constraint on the
planner’s ability to restore efficient learning and highlight the distinction between of-
fered transfers and actual payments. Agents’ incentives depend on the transfers offered,
whereas expenditure depends on which transfers are paid. The planner must therefore
have unlimited capacity to offer transfers, but can design the scheme so that expenditure
remains arbitrarily small.

We contribute to the literature on social learning in three ways. First, previous work
has largely focused on full (social) information disclosure, showing that insufficiently in-

formative signal structures are the key determinant of inefficient learning. By contrast, we



consider general information disclosure policies and show that agents’ incentives, rather
than limitations of the signal structure alone, constrain the planner’s ability to restore
efficient learning. Second, while different information structures have been shown to im-
prove learning outcomes,” our main result shows that the scope of such improvements is
limited: no information disclosure policy can restore efficient learning even when com-
bined with a finite transfer budget. Third, our proofs work directly with the induced
distribution of agents’ beliefs, rather than analyzing trajectories of beliefs and actions
across periods. This approach accommodates arbitrary disclosure policies and transfer
schemes within one framework and may extend to other social learning settings or, more

generally, to multi-period learning environments.

Related Literature. Our paper contributes to a strand of the social learning literature
that studies not only whether asymptotic learning occurs, but also the speed and effi-
ciency of information aggregation [see, e.g., Vives, 1993, Chamley, 2004, Hann-Caruthers
et al., 2018, Peres et al., 2020]. Most of the literature has focused on how private signal
structures [Banerjee, 1992, Bikhchandani et al., 1992, Smith and Sgrensen, 2000] and
observational networks [Celen and Kariv, 2004, Acemoglu et al., 2011, Lobel and Sadler,
2015] determine whether agents eventually learn the state. By contrast, less is known
about what drives fast or slow learning and whether policy interventions can accelerate
this process.®

A notable exception is Rosenberg and Vieille [2019], who provide an elegant charac-
terization of efficient learning in a sequential social learning environment with a general
signal distribution. Moreover, they show that under mild conditions on the signal dis-
tribution, this characterization is the same whether agents observe the entire history of
past actions or only the action of their immediate predecessor. They leave open whether
some social information disclosure policy can make learning efficient whenever signals are
unbounded. Our main result implies that the answer is negative for tail-regular signals.

Relatedly, Xu [2025] considers a setting in which agents arrive in cohorts and observe
coarse signals of past cohorts’ actions, and provides necessary and sufficient conditions
for learning in probability.* In a complementary problem with bounded signals, Arieli,
Babichenko, and Hann-Caruthers [2024] study a regulator who can garble agents’ private
signals, rather than the social information, to maximize the probability that agents herd
on the correct action.

Our work is also related to the recent literature on misspecification in social learn-
ing [see, e.g., Bohren, 2016, Bohren and Hauser, 2021, Frick et al., 2023]. In particular,

2For example, see Acemoglu et al. [2011], Peres et al. [2020]. Note that the learning outcome that they
consider is asymptotic learning in probability, which is much weaker than efficient learning.

3For comprehensive surveys of recent developments in social learning, see Golub and Sadler [2016],
Bikhchandani et al. [2024].

4A similar cohort setup also appears in Section 2.6 of Rosenberg and Vieille [2019].
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some forms of misspecification have been shown to improve learning. With binary sig-
nals, Bernardo and Welch [2001] provide primarily numerical evidence that occasionally
overconfident agents improve learning. In a setting more closely related to ours, Arieli,
Babichenko, Miiller, Pourbabaee, and Tamuz [2025] show that, for tail-regular signals,
when agents misperceive others’ signals as slightly less informative than they actually
are, efficient learning can be achieved in cases where learning would be inefficient under
correct specification. As we discuss in Section 3, the behavior induced by this misspeci-
fication can be replicated by a planner who can dictate agents’ strategies, and so such a
planner can always restore efficient learning. By contrast, agents in our model are fully
rational and respond optimally to incentives. Our main result shows that the need to
respect these incentives limits the information that a planner with a finite budget can
extract from agents’ actions and prevents him from restoring efficient learning.”

In a related setting, Smith, Sgrensen, and Tian [2021] allow a planner to dictate agents’
strategies and study the resulting problem of maximizing discounted social welfare. They
show that the social optimum can be decentralized using a transfer scheme under which
each agent’s transfer depends on the public belief, her action, and her successor’s action—
a richer class of transfers than we consider. With the same objective, Martynov [2020]
studies the optimal pricing policy of a planner who can subsidize and tax goods in every
period. Even under these stronger intervention regimes, characterizing the social opti-
mum remains technically challenging. We instead focus on the question of whether a
social planner with a finite budget can restore efficient learning while respecting agents’
incentives.

Our paper is also related to the broader literature on using information disclosure to
incentivize experimentation and information acquisition.® In particular, Kremer et al.
[2014] and Che and Horner [2018] study bandit settings in which the planner designs rec-
ommendations to balance myopic agents’ current payoffs with the informational benefits
of experimentation for future agents. Closer to our setting, Glazer et al. [2021] study
costly acquisition of private signals in a social learning model. Our setting differs in that
agents are already endowed with private information. Rather than incentivizing agents
to acquire or generate information, the planner’s challenge is to extract it from their
actions without inducing too many mistakes. More broadly, while information disclosure
can vastly improve outcomes in these settings, our results identify a fundamental limit
to its effectiveness in our setting.

The way private information enters the model also distinguishes our setting from a
separate strand of the literature in which agents repeatedly receive private signals and
interact with each other [see, e.g., Molavi et al., 2018, Harel et al., 2021, Huang et al.,

°This role of incentives is briefly discussed in Rosenberg and Vieille [2017], the working-paper version
of Rosenberg and Vieille [2019]. There, the authors circumvent these incentive constraints by allowing
a planner to dictate agents’ strategies and construct a sequence of cutoff strategies that yields efficient
learning for a uniform signal distribution.

6See Slivkins [2019, Chapter 11] for a survey of the incentivized exploration literature.
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2024, Brandl, 2026]. In these settings, the continued inflow of private signals itself ensures
eventual learning. Indeed, the mistake probability converges to zero at an exponential rate
even without observing others. The question is therefore how much repeated interaction
on a network can improve this rate. Existing work establishes upper bounds on the
learning rate that are independent of network size when agents are myopic and interact
on a complete network [Harel et al., 2021], and when agents are forward-looking and
interact on a strongly connected network [Huang et al., 2024]. For the slowest learner,
such bounds hold even when a planner can dictate agents’ strategies [Brandl, 2026]. Our
result complements these findings by identifying a related limit on the planner’s ability
to accelerate learning in the classic sequential social learning model, where agents are

short-lived, receive only one private signal, and act only once.

2. MODEL

2.1. Setup. There is a fixed but unknown binary state 6 € {h, ¢}, with each state as-
signed prior probability 1/2. Time is discrete with an infinite horizon: t € N = {1,2,...}.
At each time ¢, an agent arrives and acts once by choosing a binary action a;, € {h, (}.
Each agent’s base payoff is normalized to one if her action matches the state and zero
otherwise.

In the baseline model, agent t observes the actions of all her predecessors, H; =
(ay,...,a;_1), before acting. She also receives a private signal s; € S, where S is a
measurable set of signal realizations. Conditional on @, private signals are independent
and identically distributed across agents. Let ¢; = P[0 = h | s;] denote the agent’s poste-
rior belief based on the private signal. Since ¢; is a sufficient statistic for 6 given s;, we
assume that s; = ¢;. Denote by Fj, and F, the cumulative distribution functions (CDFs)
of ¢; conditional on § = h and 6 = /¢, respectively. Let F' = %(Fh + Fy), which is the
unconditional CDF of ¢; under the uniform prior.

The information available to agent ¢ in the baseline model is thus (¢, H;). She uses
Bayes’ rule to form her posterior belief and chooses the action that maximizes her ex-
pected payoff. That is, agent ¢t chooses h if P[0 = h | q;, H;] > 1/2, and ¢ otherwise. We
assume that F} and Fj are continuous, so that agents are almost surely never indifferent
between actions.

For expositional simplicity, we further assume that the pair of conditional CDFs (F},, Fy)
is symmetric around 1/2, i.e., Fj,(q¢)+ F;(1—¢) = 1. This implies that F is also symmetric
around 1/2, i.e., F(q) + F(1 — q) = 1. We write P, = P[:] # = h] for the probability

measure conditional on # = h, and define P, analogously.

Tail Regularity. We impose a mild regularity condition that concerns only the tail be-
havior of the signal distribution. Such conditions are commonly used in the literature
[see, e.g., Rosenberg and Vieille, 2019, Arieli et al., 2025, Chen, 2026]. Specifically, the
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symmetric distribution F' is tail-regular if there exists a > 0 such that

0< liminfM < limsupm < 00,
=0 q* g0 g

in which case we write F\(¢g) = O(¢*). In other words, F(¢q) behaves like ¢* near ¢ =
0. The exponent o thus measures the thinness of the tail: a larger v means that the
probability of receiving a highly informative signal decays more rapidly.

For example, consider the symmetric beta family of private beliefs, whose probability
density is fo(q) = Caq® (1 — ¢
approaches 0, the term (1 — ¢)*~! approaches one, and so the corresponding CDF F,(q)

)e=1, where C, > 0 is a normalizing constant. As ¢

behaves like ¢® up to a multiplicative constant. Thus, the symmetric beta family is tail-
regular with exponent «.” The uniform distribution of private beliefs is the special case
a =1, for which F(q) = q.

By contrast, the distribution of private beliefs induced by Gaussian signals with state-
dependent means and a common variance is not tail-regular. Near ¢ = 0, its tail decays
approximately as exp(—K(log é)z) for some constant K > 0, which converges to zero
much faster than ¢® for every > 0. Consequently, F'(q)/q® — 0 for every a > 0,
violating the tail-regularity condition.

We note that all tail-regular signals are unbounded in the sense that the support of ¢
contains 0 and 1 [Smith and Sgrensen, 2000]. Moreover, as we see below, for this class
of signals the criterion for efficient learning in the baseline model reduces to a simple

threshold on the tail exponent a.

Efficiency Criterion. Let W = »"° 1(a; # 0) be the total number of incorrect choices.
Following Rosenberg and Vieille [2019], we say that learning is efficient if the expected
number of incorrect choices is finite, i.e., E[W] < oo, and inefficient otherwise. Note that
efficient learning implies that the number of incorrect choices is finite almost surely, but
not vice versa.

In the baseline model, Rosenberg and Vieille [2019] provide the following necessary and

sufficient condition for efficient learning;:

(1) /0 F(lzv) dx < oo.

Intuitively, this condition requires sufficiently informative signals to occur frequently

enough so that an incorrect herd can be overturned quickly. For tail-regular signals,
condition (1) yields a simple threshold: learning is efficient when o < 1 and inefficient

when a > 1.8

"Because beta distributions are tractable, the experimental literature often uses them to model beliefs;
see, e.g., McKelvey and Palfrey [1992] and Nyarko, Schotter, and Sopher [2006].

8For this class of signals, it follows from Theorem 3 of Rosenberg and Vieille [2019] that the same
efficiency criterion applies when each agent observes only her immediate predecessor’s action in addition
to her private signal. As we discuss below, the social planner can use information disclosure to replicate
the learning outcomes under this observation structure.
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2.2. Planner’s Intervention. We now consider a benevolent social planner who can
intervene in agents’ decisions to accelerate learning. His objective is to achieve efficient
learning—that is, to ensure that the expected total number of incorrect actions is finite.
The planner observes neither the agents’ private signals nor the state 6. He can influence
agents’ decisions through two instruments: information disclosure and transfers, which
we describe in detail below. The disclosure policy and transfer scheme are common

knowledge among agents.

Information Disclosure. Recall that in the baseline model, agent t’s social information
consists of the full history of past actions, H; = (aq,...,a;—1). Under intervention, the
planner instead determines what social information is disclosed to each agent. At time
t, let 7 denote the information available to the planner before disclosure, including all

past actions and disclosure realizations. The planner’s belief is then
=P[O = h | H].

Conditional on m;, the planner selects, possibly at random, a signal that induces a social
belief v for agent t. Bayes-plausibility requires E[r; | 4] = 14, and the feasible distribu-
tions of v, are the mean-preserving contractions of the distribution of 7;: the planner can
arbitrarily coarsen the information available to him. Without loss of generality, we take
the disclosed signal to be the induced social belief 1, itself. Before choosing an action,
agent t therefore observes the pair (g, 14): her private signal and the social information
disclosed by the planner.’

The planner’s disclosure policies range from full disclosure to no disclosure and encom-
pass both partial and stochastic disclosure. Under full disclosure, the planner reveals
his belief, so v, = m; for each t. In the absence of transfers, this policy reproduces the
baseline model, in which the agent observes the full action history. Under no disclosure,
the agent receives no information about past actions, so that her social belief remains
equal to the prior, v, = 1/2 for each t.

As an intermediate case, consider a partial disclosure policy, under which only the k
most recent actions are revealed. For ¢t > k, the induced social belief for agent ¢ is then
vy =Pl0 =h|a_g,...,a41]. Fort <k, all past actions are revealed. Alternatively,
the planner may adopt a stochastic disclosure policy, under which he reveals his belief 7,

with probability ¢;, independently of 7;, and discloses no information otherwise.

Transfers. In addition to shaping agents’ social beliefs, the planner can influence agents’

behavior through monetary incentives. At each time ¢, after inducing social belief 1,

9For the expected number of mistakes and the expected budget and expenditure defined below, restricting
the distribution of v; to depend only on 7 is without loss of generality. At each time ¢, any policy that
also conditions on (v1,...,v:—1) induces a joint distribution of (¢, 14). For a fixed transfer scheme, the
conditional distribution of the planner’s next belief depends on the past only through this pair. By using
the original policy’s conditional distribution of v; given m; at each date, the planner can replicate the
joint distribution without conditioning on past induced social beliefs.
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and before the agent acts, the planner can offer an action-contingent transfer whose
amount depends on v;. Specifically, a transfer scheme 7 = (73); is a sequence of functions
7: [0,1] — R. The offer to agent ¢ is determined by 7(14). Its magnitude, |7(14)|,
determines the amount offered while its sign determines the action for which the payment
is made: if 7(1;) > 0, the payment is made for taking the high action; if 7,(1;) < 0, the
payment is made for taking the low action. If 7(14) = 0 or the agent takes the other
action, no payment is made. Let 7, denote the transfer actually paid to agent ¢, which is
equal to |1 (v)] if she takes the subsidized action and zero otherwise. Thus, all payments
are nonnegative, and agents are never charged.

We restrict attention to transfer schemes that depend on the action history only through
the current induced social belief. This implies that transfers do not convey additional
information about the state beyond this belief. More generally, one could allow transfers
to depend directly on the action history, on future agents’ actions, or on the underlying
state. Extending the negative result (Theorem 1) to a larger class of transfer schemes
would strengthen it, whereas the positive result (Theorem 2) is stronger since it holds
within our restricted class. We impose this restriction for simplicity, as it allows us to
track the incentives offered to each agent using only the induced social belief.

We distinguish between the amount that the planner offers and the amount he actually
pays. Given an information disclosure policy and a transfer scheme, define the planner’s

budget as the expected total amount of transfers offered:

B(r) = ZE (|7 (v)l],

and his expenditure as the expected total amount actually paid:

E(7) = E[7].

We suppress the dependence of both quantities on the disclosure policy. The planner’s
budget B(7) captures the expected sum of his transfer commitments, since each offered
transfer must be honored if the subsidized action is taken. In contrast, E(7) captures the
planner’s expected total payment and, by construction, satisfies E(7) < B(7) for every
transfer scheme 7. Thus, a finite budget means that the planner has limited commit-
ment capacity in expectation, whereas an infinite budget allows him to offer substantial

transfers to infinitely many agents.

2.3. Agents’ Decisions Under Intervention. Given a disclosure policy and transfer
scheme, agent ¢ combines her private belief ¢; with the induced social belief 14 to form
her posterior belief:

pe =P[O = h | g, 1.
When 74(14) > 0, the agent’s expected payoffs from taking the high and low actions are
pt + (1) and 1 — py, respectively. When 7(14) < 0, they are p, and 1 — p; — 7(vy),

9



respectively. In either case, the high action maximizes agent t’s expected payoff if and

only if her posterior belief satisfies

) pez 50- 7).

In the absence of transfers, this cutoff equals 1/2, as in the baseline model. A positive
transfer, 7;(14) > 0, subsidizes the high action and lowers the cutoff for taking it. Con-
versely, a negative transfer, 7;(1;) < 0, subsidizes the low action and raises this cutoff.
Throughout, we restrict attention to transfer schemes satisfying |7(v)| < 1 for every ¢
and every v € (0,1), since a transfer of magnitude at least one makes the subsidized

action optimal regardless of the agent’s belief.

3. A BENCHMARK

As a benchmark, we discuss the case in which the social planner can dictate agents’
strategies directly. This intervention is stronger than those considered above, as the
planner no longer needs to respect agents’ incentive constraints. We ask whether such a
planner can restore efficient learning when learning is inefficient in the baseline model.

The answer is positive for tail-regular signals. In the uniform case, i.e., F'(q) = ¢ for all
q € [0,1], Rosenberg and Vieille [2017] construct a sequence of cutoff strategies—which
differ substantially from those chosen by rational agents—that achieves efficient learn-
ing. More generally, Arieli et al. [2025] show that efficient learning can be achieved for
arbitrary tail-regular signals under a particular form of misspecification, in which agents
are mildly “condescending.”

In their setting, all agents have tail-regular signals with exponent . While each agent
correctly understands her own signal, she holds the misspecified belief that others’ signals
have exponent & € («, a+ 1) and are therefore less informative at the tails. Furthermore,
they assume that it is common knowledge that agents hold these beliefs. This misspec-
ification leads agents to use cutoffs that converge more slowly than the corresponding
cutoffs used by correctly specified agents.'® Consequently, mildly condescending agents
are more likely to follow their private signals and overturn the herd. Their actions there-
fore reveal more private information to future agents, generating a positive informational
externality sufficient to yield efficient learning.

Note that a planner who can dictate strategies can replicate the behavior of these
misspecified agents by prescribing their cutoff rules. It therefore follows from Theorem 1
of Arieli et al. [2025] that such a planner can restore efficient learning for any tail-regular

signal distribution with exponent o > 1.

O\ ore formally, along the high path, mildly condescending agents choose the high action whenever their
private belief exceeds a threshold that converges to zero at the rate t~'/%. The corresponding cutoff for
correctly specified agents converges at the rate t='/%. Since & > «, the former convergence is slower
than the latter.
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4. RESULTS

In contrast to the benchmark, we show that once agents’ incentives are taken into
account, even a powerful planner who can jointly design the information disclosure policy
and transfer scheme cannot restore efficient learning with a finite budget. Recall that
as in the baseline model, with full disclosure and no transfers, learning is inefficient for

tail-regular signals if and only if o > 1.

Theorem 1. Suppose o« > 1. Under any information disclosure policy and transfer
scheme, at least one of the following conditions must hold:
(1) Inefficient learning.

(77) limsup,_, . |7(14)| = 1 almost surely.

This result states that, under any combination of a disclosure policy and a transfer
scheme, either learning remains inefficient or the planner must offer transfers with mag-
nitudes arbitrarily close to 1 to infinitely many agents. Note that the latter condition
implies that the planner’s budget must be infinite, i.e., B(7) = oo. Hence, Theorem
1 rules out efficient learning under any finite-budget scheme. In other words, efficient
learning cannot be restored by a planner with limited capacity to offer transfers.

Without transfers, an immediate consequence of Theorem 1 is the following.

Corollary 1. Suppose o« > 1 and the planner imposes no transfers. Then, under any

information disclosure policy, learning is inefficient.

Thus, in our environment, the planner cannot fine-tune agents’ social information to

1

restore efficient learning through information disclosure alone.!' This result does not,

however, imply that full disclosure is always socially optimal. Even when learning under
full disclosure is efficient, limited disclosure can sometimes improve outcomes by reducing
the expected number of incorrect choices.'? Nevertheless, when o > 1, Corollary 1 shows
that there is a limit to such improvements as they are insufficient to restore efficient
learning.

The idea behind Theorem 1 is as follows. Because agents are rational, a planner
aiming to accelerate learning faces a fundamental tradeoff in designing both information

disclosure and transfers. Consider first information disclosure. On the one hand, the

HEor the class of tail-regular signals, this answers an open question raised in Rosenberg and Vieille
[2019]. They ask whether there exists an information disclosure policy under which learning is efficient
when it is inefficient under full disclosure. Our result answers this question negatively.

2The idea is to delay herding and facilitate further information aggregation, possibly at the cost of
a higher mistake probability for some early agents. For example, suppose agents receive one of two
perfectly revealing signals (one for each state), each with probability /2 for sufficiently small ¢ > 0, and
otherwise a noisy signal inducing a posterior of 2/3 or 1/3 with equal probability. Under full disclosure,
all agents follow agent 1 until a contradicting perfectly revealing signal arrives. If instead the planner
withholds agent 1’s action from agent 2, the first two actions would provide two conditionally independent
observations. This reduces the probability of an incorrect herd from about 1/3 to about 7/27 and thus
lowers the expected number of mistakes. Although this signal structure is not tail-regular, it can be
approximated by a tail-regular distribution for which the same conclusion holds.
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planner must provide the current agent with sufficiently precise social information to
keep her mistake probability low. On the other hand, he must extract enough information
from the agent’s action to generate more precise information for future agents. These
two objectives conflict with each other: the more precise the agent’s social information
is, the more she relies on it rather than on her private signal, and the less informative
her action becomes.

A similar tension arises with transfers. Intuitively, to accelerate learning, the planner
should subsidize contrarian actions, making agents rely more on their private signals, so
that an incorrect herd can end quickly. However, when the herd action is taken despite
such a subsidy, it further strengthens future agents’ belief that this action is correct and
makes them more likely to follow it. To offset this effect, the planner needs to keep
offering larger transfers to future agents.

In sum, Theorem 1 shows that a planner with a finite budget cannot overcome these
tensions and restore efficient learning. Compared with the benchmark, the result identifies
the need to respect agents’ incentives as a key source of inefficiency, since a planner who

can dictate agents’ strategies can always achieve efficient learning.

Budget vs Expenditure. Our next result shows that the impossibility above hinges on
the finite-budget constraint. In fact, we show something stronger: under full disclosure,
a planner with an infinite budget can restore efficient learning through transfers alone

while keeping expenditure arbitrarily small.

Theorem 2. Suppose a > 1 and the planner uses full disclosure. Then, for every e > 0,

there exists a transfer scheme T under which learning is efficient,
B(t) =00 and E(1)<e.

Thus, this result draws a sharp distinction between budget and expenditure. We note
that the need for an infinite budget is compatible with arbitrarily small expenditure
because agents’ incentives depend only on the transfers offered, not on those ultimately
paid.

The key ideas behind Theorem 2 are as follows. Consider a transfer scheme under
which the planner subsidizes the contrarian action only when his belief is extreme. For
example, when the planner’s belief strongly favors the high action, he offers a subsidy
for choosing the low action; otherwise, he offers no subsidy. The subsidy is chosen so
that the agent’s private-belief cutoff above which the high action is taken approaches
zero more slowly than in the absence of subsidies. As a result, agents with sufficiently
strong private signals in favor of the low action would continue to act against the herd
and reveal their private information through their actions. This generates a positive
informational externality that yields efficient learning.'®> Nonetheless, by Theorem 1, the

required budget must be infinite.

13This is similar to the effect of mild condescension in Arieli et al. [2025].
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At the same time, these subsidies are rarely paid. When the social belief strongly favors
the high action, an agent chooses the low action only if she receives a sufficiently strong
opposing signal—an event that occurs with small probability. The planner therefore
offers subsidies only at extreme beliefs and pays them only for the unlikely contrarian
action. Under tail-regular signals, one can construct a transfer scheme under which the
subsidized region shrinks with a polynomial decay exponent strictly below one, while
the probability of payment decays with an exponent strictly above one. Together, these
properties ensure that the social belief converges fast enough for learning to be efficient
while keeping expenditure finite. Further narrowing the region without changing its rate
of shrinkage allows the planner to make his expenditure arbitrarily small.

Taken together, the two results show that restoring efficient learning requires an un-
limited capacity to offer transfers. However, under full disclosure, this need not translate

into large payments: efficient learning can be achieved with arbitrarily small expenditure.

5. ANALYSIS

In this section, we analyze the dynamics of the planner’s belief and their relationship
to agents’ mistake probabilities. We will use these dynamics to explain the planner’s
tradeoff between agents’ mistake probabilities, on the one hand, and the informativeness
of their actions and the magnitude of the transfers offered, on the other. We conclude the

section with a proof sketch of Theorem 1. All formal proofs are deferred to the Appendix.

5.1. Planner’s Belief Dynamics. Recall that the planner’s belief that the state is high
at time ¢ is

T =Pl0 = h | A,
and that agent t’s private belief is ¢ = P[0 = h | s;]. Given 7y, the planner induces a
social belief 1, for agent ¢ through an information disclosure policy and offers a transfer
T:(v¢). After the planner’s intervention, agent ¢ chooses her action based on her posterior
belief

pe =P[O =h|q,uwl

From (2), we know that agent ¢ chooses the high action if and only if
De > %(1 - Tt<Vt))-
By Bayes’ rule, this condition can be written as

Dt _ qi % Vi Zl_Tt<Vt)-
1 —p 1—q 1 - 1+Tt(Vt)

We define agent t’s private-belief cutoff as

(1 —v)(1 = 7(11))
vi(1+ () + (1= ) (1 = 1(1e))

(3) c(ve, Te(v)) =
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Under zero transfers, ¢(v,0) = 1 — v, so agent ¢ uses the private-belief cutoff 1 — v,
when her induced social belief is 1. Because v; determines the transfer 7(14), we write
ci(v) = (v, (1)), If imsup,_, o |7e(ve)| < 1, then ¢ (1) is close to 0 whenever v, is

close to 1. It follows from (3) that agent ¢ chooses the high action if

q > Ct(Vt)

and the low action otherwise.

Thus, conditional on # and v;, agent t chooses the high action with probability 1 —
Fy(ci(1y)) and the low action with probability Fy(c;(1)). After observing agent ¢ taking
the high action, the planner updates his belief according to
(4) T4+1 _ Tt % 1 — Fh(Ct(Vt>) .

1-— Tt4+1 1-— Tt 1— F[(Ct(Vt>>
After observing agent ¢ taking the low action, the planner updates his belief according to
(5) A L % Fh(Ct(Vt))‘
1-— Tt+1 1— y; Fg(Ct(l/t))

The second factor in each product is the likelihood ratio conveyed by agent t’s action.

Because F), first-order stochastically dominates Fy, the likelihood ratio in (4) exceeds one.
So observing an agent taking the high action raises the planner’s belief in the high state.
Similarly, the likelihood ratio in (5) is below one, so observing an agent taking the low

action lowers that belief.

5.2. Agent’s Mistake Probability. We now compare the agent’s mistake probability
before and after she observes her private signal. Let b; denote the action agent ¢t would
choose based only on her induced social belief and offered transfer. The next lemma shows
that observing an additional private signal can reduce the agent’s mistake probability by

at most a factor that depends only on the private signal distribution.

Lemma 1. There exists a constant ¢ > 0, independent of the disclosure policy and

transfer scheme, such that for any time t,
P[at 7é 9] > e ]P)[bt 7é 9]

The key observation behind Lemma 1 is that an agent who chooses the incorrect action
based on her social information and transfer alone will retain that action after any private
signal that reinforces it. Under either state, such signals occur with a positive probability
bounded away from zero. Therefore, conditional on her initial action being incorrect, the
agent remains incorrect with probability bounded away from zero, which yields the lower
bound in Lemma 1.

In the absence of transfers, Lemma 1 shows that the mistake probability of an agent
who observes (g, 1) is at least a constant fraction of that of an agent who observes only
V. This complements the well-known imitation principle, which states that an agent

with more information can do at least as well as one with less information [see, e.g.,
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Sgrensen, 1996, Smith and Sgrensen, 2000, Gale and Kariv, 2003, Golub and Sadler,
2016]. Together, these bounds show that an additional private signal can reduce the
agent’s mistake probability only by a bounded factor. We will use this comparison to

link agents’ mistake probabilities to the growth rate of the planner’s belief.

5.3. Expected Belief Update. Note first that the planner’s belief 7; is a bounded
martingale and therefore converges almost surely. We denote its log-likelihood ratio at

time t by

ly :=log .
1—7Tt

Taking logarithms of (4) and (5) gives the following updating rule:
(6) €t+1 = gt -+ Uta<l/t) if a = a € {h, g},

where we define
Fy(ci(v))
Fi(e(v))

If F' is tail-regular with exponent «, then for small ¢, F},(¢q) and Fy(q) are of orders

ey L= Fa(a(v))
Ul'(v) :=log T(Q(V))’

and Uf(v) := log
¢ and ¢, respectively, up to multiplicative constants (see Lemma 3 in the Appendix).
Thus, a private signal below a small threshold ¢ is much more likely in the low state than
in the high state. An agent whose private-belief cutoff is close to zero is therefore much
more likely to take the low action in the low state than in the high state.

Suppose an agent’s private-belief cutoff ¢;(v) is close to zero. She then usually takes
the high action, so observing her take the low action is both unexpected and highly
informative to the planner. Given that the low action is more likely in the low state than
in the high state, observing such an unexpected action shifts the planner’s belief sharply
toward the low state. In contrast, observing the agent take the high action is expected
and thus less informative, so it shifts the planner’s belief only slightly toward the high

state. Lemma 4 in the Appendix makes this asymmetry precise: when ¢;(v) is close to 0,
Ulv) = (c¢:(v))* and U (v) = log(c,(v)).

Thus, the likely high action raises the planner’s log-likelihood ratio by only an amount
of order (¢;(v))® whereas the unlikely low action produces a large negative update of
approximately log(c;(v)). This asymmetry in update sizes is offset by the probabilities of
the corresponding events: small updates occur frequently, whereas large updates occur
rarely. In consequence, even when the planner’s belief converges to the truth almost
surely, its log-likelihood ratio changes only gradually in expectation.

The next lemma formalizes the above argument by providing an upper bound on the
expected growth of the planner’s belief in log-likelihood ratio. Here, recall that b, is the
action that agent ¢ would choose based on her induced social information and transfer

alone, before observing her private signal.
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Lemma 2. Suppose a > 1 and fixr 0 < 7 < 1. Then there exists some constant M < oo

such that, for every time t,

EL(ln(v)| < 7) - [lipa — b]] < M - P[b, # 0].

This lemma states that, under thin-tailed signals and uniformly bounded transfers,
the expected absolute change in the planner’s log-likelihood ratio is at most a constant
multiple of the agent’s mistake probability before she observes her private signal. Hence,
even though the planner eventually learns the truth, his learning cannot accelerate too
quickly.

The intuition behind Lemma 2 is as follows. The restriction to transfers uniformly
bounded away from one keeps the agents’ private belief cutoffs comparable to their cutofts
under no transfers. Hence, when the induced social belief is extreme, the planner learns
most when an agent acts against it. If this belief points in the correct direction, doing
so requires the agent to receive an extreme private signal, which is unlikely under a thin-
tailed distribution. By contrast, such a contrarian action is more likely when the induced
social belief is incorrect. However, an extreme social belief is itself unlikely to point in
the wrong direction. The probability that it does is precisely the mistake probability of
an agent who follows her social information. Therefore, under the thin-tail condition, we
can bound the planner’s expected belief growth by the agent’s mistake probability under

social information.

5.4. Proof Sketch of Theorem 1. Fix a tail-regular signal distribution with o > 1
so that learning is inefficient under full disclosure and no transfers. Suppose, toward a
contradiction, that there exists some information disclosure policy that achieves efficient
learning with a transfer scheme for which
limsup |7 ()] < 1
t—o0

with positive probability. Since |7(14)| < 1 for each ¢, there exists a constant 7 < 1 and
an event F of positive probability such that |7(14)| < 7 for every ¢ on E. By Lemma 2,
for each t, the expected absolute change in the planner’s log-likelihood ratio, restricted
to E, is at most a constant multiple of the agent’s mistake probability before observing

her private signal:

E[1p|le — 4]] < MP[b, # 6.

Meanwhile, Lemma 1 shows that the agent’s mistake probability after receiving her pri-
vate signal is at least a constant fraction of her mistake probability before receiving it.
Hence, if learning is efficient, both these mistake probabilities are summable. Summing

the bound above then gives

sup E[1p|6|] < MY Plb, # 6] < % > Pla; # 6] < 0.

t=1 t>1 t>1
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Because P[E] > 0, this uniform bound implies that at each ¢, the planner’s belief is
bounded away from zero and one with a uniformly positive probability. Hence, his mistake
probability is also bounded away from zero. Finally, since agents’ induced social beliefs are
garblings of the planner’s belief and transfers can only increase their mistake probabilities,
Lemma 1 implies that agents can outperform the planner by at most a constant factor.
Hence, their mistake probabilities are likewise bounded away from zero, contradicting

efficient learning.

6. CONCLUSIONS

In this paper, we show that, for tail-regular signals with o > 1, a benevolent social
planner with a finite budget cannot make learning efficient through any combination of
information disclosure and transfers. This contrasts with the benchmark setting in which
the planner can always achieve efficient learning by dictating agents’ strategies. Our
impossibility result underscores a key source of inefficiency in social learning that arises
from the need to respect agents’ incentives. We also highlight the distinction between
budget and expenditure: under full disclosure, transfers alone can restore efficient learning
with arbitrarily small expenditure, despite requiring an infinite budget.

We make the symmetry assumption on the private signal distribution for expositional
simplicity. For example, when this assumption is relaxed to allow for two exponents «
and [, one for each tail, the finite-budget impossibility result continues to hold if either
exponent is weakly greater than one. We conjecture that our Theorem 1 extends to any
signal distribution whose tails at both extremes are no thicker than those of a symmetric
tail-regular distribution under which learning is inefficient with full disclosure. However,
our current proof techniques apply only to tail-regular signal distributions.

A further extension is to evaluate interventions using the discounted expected number
of incorrect choices, Yo, 0'Pla; # 0] for some discount factor 0 € (0,1). This criterion
is always finite and, thgrefore, allows finer comparisons across interventions. Because
discounting seems to favor the full disclosure policy,'* we believe that an analogue of
Theorem 1 holds under this discounted criterion: under the same assumptions and with
a fixed finite budget, planner interventions cannot substantially reduce the discounted
expected number of mistakes relative to full disclosure without transfers as § — 1. This
criterion is also used by Smith et al. [2021], who characterize the discounted social opti-
mum when the planner can dictate agents’ strategies.

Finally, another promising direction is to study optimal disclosure policies in environ-

ments where efficient learning is feasible. Different disclosure policies may all achieve

HMRelative to full disclosure, coarser disclosure policies shift accuracy from early to later agents. With-
holding information from early agents makes their actions more informative and permits more precise
disclosure later, reducing later mistakes at the cost of earlier ones. Because discounting gives greater
weight to earlier mistakes, it seems to favor full disclosure.
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efficient learning, yet differ substantially in the expected number of mistakes.'> More
broadly, the limits of information disclosure as a tool for improving learning outcomes
are not yet well understood. For example, it remains unclear whether full disclosure can
always be improved upon, or how to characterize the class of disclosure policies that
are optimal for a given private signal distribution. It is furthermore natural to consider
mechanisms that directly compensate agents for revealing their private signals or, more
generally, garblings of those signals. These are interesting questions that we leave for

future research.

APPENDIX: OMITTED PROOFS FROM THE MAIN TEXT

Proof of Lemma 1. Recall that ¢, is agent t’s belief conditional on her private signal,

and Pj, and P, are the conditional (on the state) probabilities. Define
e = min{Py[q; > 1/2], Pp[qx < 1/2]}.

Since signals are unbounded and the conditional CDFs F}, and F, are continuous, it
follows that ¢ > 0. Write 7, = 7;(14). Since b, is the action that agent ¢t would choose
before receiving her private signal, by Bayes’ rule, b; = h if and only if
A S 1— Tt'
]_ ez - ]_ + Tt

Recall that the privately informed agent chooses a; = h if and only if ¢ > ¢;(14), where,
by (3), the cutoff ¢;(14) satisfies

Ct(Vt) _1—Tt><].—Vt
1— Ct(l/t) N 1+ Tt V¢ .

Fix v, and its associated transfer 74, and suppose that b, = h. The case b, = ¢ follows
symmetrically. The preceding inequalities imply that

1

Ct(l/t) é 5

Conditional on state ¢, agent ¢ therefore chooses the high action with probability

1
Polar = h | v] =Polg > ()] > Pe th > 5} > €.
It follows that
Pla; # 0 | ] > PO =0 | n]Pelay = h | vi] > (1 —1vy) = ePby # 0 | 1],

where the final equality follows because b; = h. By symmetry, the same inequality holds

when b, = ¢. Thus, for every v,

Pla; # 0 | ] > eP[by # 0 | vy].

5To the best of our knowledge, characterizing the disclosure policy that minimizes the total expected
number of mistakes remains an open problem.
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Taking expectations over v, yields
P[a,t 7é 9] Z €P[bt 7é 9],
which proves the lemma. Il

The following standard result [see, e.g., Hann-Caruthers et al., 2018, Rosenberg and
Vieille, 2019, Arieli et al., 2025] connects the exponent « to the tail behavior of F}, and
Ey.

Lemma 3. Suppose F(q) = ©(q%). Then Fy(q) = ©(q%) and Fj(q) = O(q*™).

Proof. Recall that F' is the unconditional cdf, while F, and F}, are the conditional cdfs
given § = ¢ and # = h. For any ¢, these conditional cdfs satisfy

Fula) =2(eF(0) - | Flayas),
R =2((1-0F@+ [ Flo)dr).

Because |Fy(q) —2F(q)| < 3¢F'(q), we have lim,_,o Fy(q)/F(q) = 2. Hence, F'(¢) = O(¢")
implies Fy(q) = ©(q%).

If F(q) = ©(q"), then there exist constants 0 < ¢ < C' < oo such that ¢¢* < F(q) <
Cq” for all sufficiently small q. Since F,(q) < 2¢F(q), it follows that F,(q) < 2Cq>T!.

For the lower bound, fix a small ¢ and some m € (0,1). We can write the integral as

/0 " Fle) do = /0 " P do + /m qu@) da.

Since F' is nondecreasing, we have F(x) < F(mgq) for x < mgq and F(x) < F(q) for
x € [mg,q]. Hence [[™ F(x)dx < mqF(mgq), and [} F(x)dr < (1 —m)qF(q). Adding
the two bounds and using the fact that F(mgq) < C(mq)® gives

(A.1)

q
/ F(z)dr < Cm*M¢*™ + (1 —m)q F(q).
0

Using F(q) > cq®, we have Cm“tlgot!t < C’”TQH qF(q). Choose m small enough so
that €™ < 2. Then

/OqF(x) dx < (1 - %)qF(q)

Plugging into (A.1) yields
_m

Fu(a) 2 2(aF(a) = (1= 5 )aF(a)) = maF(g) = meq™*.

This provides the lower bound. Together with the upper bound, it follows that F}(q) =
O(g™*). 0

The next lemma expresses the asymptotic size of the log-likelihood increments U/(v)

and Uf(v) in terms of the private-belief cutoff y; := ¢;(v). Here, f(z) = o(g(z)) means
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lim, o f(x)/g(z) = 0, and f(x) = O(g(x)) means limsup, ,,|f(z)/g(x)] < oo, with
g(x) # 0 near the limit.

Lemma 4. As p; — 0, Ul(v) = O(u) and Uf(v) = log(u;) + O(1); that is,

Uh Uh
0 < liminf # < limsup # < 00,
pe—0 Mt pe—0 24

and there exists a constant C' > 0 such that for all sufficiently small p,

U (v) = log ()| < C.

Proof. Recall from (6) that

1 — Fy(pu) F ()

1 — Fy(pe)’ Fipe)

By the assumption of tail regularity and Lemma 3, there exist constants Cj, > ¢, > 0
and Cy > ¢, > 0 such that for all sufficiently small u, Fj,(u) € [cpu®™, Cpu®t] and
Fu(11) € [een®, Cop®]. Substituting these into the expression for Uf, we obtain

Ulv) = log and Uf(v) = log

log<%ut> <Uf(v) < log<f—:ut),
which implies
Ut (v) = log(p) + O(1).
From Lemma 3, we have FJ,(j;) = O(u2*") and Fy(u;) = O(u$), so Fy(ps) = o(Fy(jz)).

We rewrite U]* as

Ulv) = lg(%) < —log(1 - Fy(u).

Since Fy(p;) < 2F(p¢) from Lemma 3, we have Ul'(v) < —log(1 — 2F(p;)). Using the
fact that for small z, —log(1 — x) < x + x?, it follows that

Ul (v) < 2F () (1 + 2F (),

which establishes an upper bound. For the lower bound, substitute F}, (1) < 2pF (1)
and Fp(pe) > 2(1 — pg) F'(pe) into Ul ),

) _ 1 — Fy(pe) 51— 20 (1) ‘
1= Fo(pe) = 1=2(1 = pe) F(pue)

Using that 1/(1 —z) > 1 +z + 2% for z € [0,1) for the denominator,
eVt ) > (1 - QMtF(Ht)) (1 +2(1 = pu) F(p) + (2(1 — Mt)F<Mt))2)
= 1+ (2= dp) F(pe) + (4 = 1200 + 83) F (112)? — (Bpar — 16417 + 81)) F (e
= 1+ 2F () — 4 F (1) 4+ 2(2 — O(pe) ) F(p1e)?
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Applying the logarithm to both sides and using log(1 + z) > x — ‘%2 for small x, we have

Ul'(v) > log (1+ 2F () — 4 F (ue) + (4 — O (i) F(11e)?)
> 2F (1) — 4 F (1) + (2 = O(p) ) F (14)? + o(F (1)?)
> 2F () (1 = 240 + (1 = O(pa)) F (p1e) + o(F(p21)))

)
As pp — 0, we have F(u;) — 0, and the terms —2p; and (1 — O(pt))F' (1) both vanish.
The upper and lower bounds therefore imply lim,, o U*(v)/(2F (1)) = 1. Since tail
regularity gives F(u;) = O(u), we obtain Ul'(v) = O(ug). O

)
(

Proof of Lemma 2. Fix o > 1 and 0 < 7 < 1. Throughout the proof, C' denotes a
constant that may change from line to line. We also write 7, = 7(14), let py = ¢;(v4) and
define

Dt = {|Tt| S 77_}
On Dy, the cutoff in (3) is uniformly comparable to the no-transfer cutoff 1 — v;:
1—-7 <t 1 +T

A2
(A-2) 1+7 71—y, — 1—7'

Indeed, the denominator in (3) lies between 1 — 7 and 1 4+ 7, and the same is true of
the factors 1 — 7, and 1 + 7. Similarly, the complementary cutoff in (3) is uniformly
comparable to the corresponding no-transfer cutoff v;:

1—7 1 M 1+7

1+ 7_' 7 1 -7

(A.3)

Recall that 777 is the information available to the planner before deciding what to
disclose at time ¢, generated by past actions and disclosure realizations. Conditional on

7 and the induced social belief v;, agent ¢ chooses the low action with probability
Pla, = €| 7, ] = () + (1 — 7o) Fo(pe) =2 f (e, 1),
since P[0 = h | 5¢,1;] = m and, conditional on the state, the private signal ¢ is inde-
pendent of (7, 1;). Thus, agent ¢ chooses the high action with probability 1 — f(m, 1),
and (6) gives
E(|liy1 — b | K, 0] = f(74, 1) ‘Uf(Vt)‘ + (1= f(me,v1)) ‘Uth(Vtﬂ .
By the law of iterated expectations,
Elllis1 — b] | ] = E[E[[li1 — G| | 742, 14] | 4]

=B [f(m,v4) |U; ()| + (1 = f(m,00)) |U] ()| | 4]

= (I/ch(lut) + (1 - Vt)Fg(ILL ‘Uﬁ Vi }
(A4) -+ (l/t(l — Fh(,ut)) (1 — Vt)<1 — Fg ,Ut ) ‘U Vt ‘
where the last equality follows since E[r; | 1] = 1. We will show that the right-hand
side is bounded by C' min{w;,1 — 14 }.
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First consider y; < e, where ¢ > 0 is small enough for Lemma 4 to apply. On Dy,
(A.2) gives 1 — 1y < Cpy and py < C(1 — 1), When py < e, Lemmas 3 and 4 give

UL ()| < Clog e, Fiu(pte) = O (™), and Fy(pe) = O(p). Thus, on Dy the first term
in (A.4) is bounded by

C(pft + (1 — v ) [log pue] < O [log pue| < Cpu,

where the last inequality follows since z%|logz| — 0 as x — 0 for any o > 0. Lemma 4
gives |U/(1n)| < Cpg'. Since o > 1, the second term in (A.4) is therefore at most Cyu.

For sufficiently small €, 1, > 1/2, so 1 — 14 = min{vy, 1 — 1, }. Therefore,
Elp, - [ly1 — | | ] < Cpe < C(1 —1p) = Cmin{yy, 1 — 1y}

The case y; > 1 — ¢ follows from a symmetric argument.

In the middle region p; € (g,1 — ), both |U}(14)| and |U{(14)| are bounded. On D,
the two bounds in (A.2) and (A.3) imply that both v, and 1 — 14 are bounded away from
zero. Hence, (A.4) is again bounded by C' min{w;,1 — 1,}.

Combining the three cases,
]E[]lDt . |€t+1 — €t| | Vt} S Cmin{yt, ]_ — Vt}.

Recall that b; is the action chosen by an agent with social belief v, under transfer 7,
before observing her private signal. Let 0? be the action chosen by such an agent with
zero transfer. Since the agent chooses the action that minimizes the probability of a
mistake, her conditional mistake probability is P[b? # 6 | v;] = min{w;,1 — 14}. Because
the zero-transfer action minimizes the mistake probability, any nonzero transfer can only

weakly increase it. Hence,
min{v, 1 — vy} < Plby # 0 | vy
Taking the expectation over v, gives the desired inequality:
E[lp, - [lis1 — 4] < CE[min{w, 1 — v, }] < CP[b, # 0].
O

Proof of Theorem 1. Fix a« > 1. Denote by af the action chosen by the planner to
match the state based on his belief 7r; at time ¢. Let a? be the action chosen by the agent
with posterior belief p; under zero transfer. Notice that from her perspective, her mistake
probability is Plaf # 60 | ¢, 1] = min{p;,1 — p;}. Since any nonzero transfer can only

weakly increase the probability of choosing the wrong action,
Pla # 0 | g vi) < Pla, # 0 | g, ).

Thus, Emin{p;, 1 — p;}] = P[a? # 0] < Pla; # 6]. By Lemma 1, there exists € > 0 such
that for all ¢,
Plal # 0] > = PE0 # 6],
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where B! is the action chosen by an agent with induced social belief v; under zero transfer.

Because E[m; | v¢] = v and x +— min{z, 1 — x} is concave, Jensen’s inequality gives
P # 0] = E[min{v;, 1 — v;}] > E[min{r;, 1 — m}] = P[a} # 4].
Combining the above inequalities yields
(A.5) Pla; # 0] > € - Play # 6)].
Now suppose, toward a contradiction, that learning is efficient but

P| limsup |7 ()] < 1} > 0.

t—o00

It follows from efficient learning and (A.5) that )., Plaf # 0] < oo. Since m = o

elt+17
the planner’s mistake probability is

Pla® # 0] = Efmin{m, 1 — m,}] = E[ﬁ} |

which is also summable. This implies that almost surely,

1
2 garyy <

t>1

which implies that |¢;| — oo almost surely.
Recall that || < 1 for every ¢. By the hypothesis, there exist 0 < 7 < 1 and T < oo
such that
E={ln|<7forallt>T}

occurs with positive probability. For every ¢ > T, the triangle inequality gives |{;| <
[0r| + 120 [y — £4]. Since 6| < oo almost surely, there is K < oo such that the
event £ = E N {|lr| < K} also occurs with positive probability. Taking expectations
yields that for every t > T,

t—1 t—1
E[le 0] < K+ S Elp [l — 6] < K+ S E[1(n] 7)1 — 6]

s=T s=T

§K+M§:P[bs7ﬁ9],

s=T
where the last inequality follows from Lemma 2.

By Lemma 1 again, there exists § > 0 such that for every ¢t > 1, 6P[b; # 0] < Pla; # 0].
It then follows from efficient learning that ., P[b; # 0] < oo, which implies, from the
preceding inequality, that B

sup E[1 g |44]] < oc.
>T

But efficient learning implies that |¢;| — oo almost surely, so 1z |[¢;] — oo on E’. Since

P[E'] > 0, Fatou’s lemma gives

00 = E[lim inf 15 |et|] < liminf E[1p |£,]],
t—o00 t—o00

23



reaching a contradiction to the uniform bound above. This concludes the proof.
0

The following lemmas will be useful in proving Theorem 2. The first shows that when
the private-belief cutoff lies in [¢,1 — ¢, the information conveyed by each action is at
least of order ¢*. The second uses this bound to show that when ¢; decreases sufficiently
slowly, the probability that the planner’s belief is not sufficiently close to the true state
is summable.

Lemma 5. Suppose F(q) = O(q%). Then there exists k > 0 such that, for all sufficiently
small ¢ > 0 and all p € [e,1 — ],

VE () Fo(p) + /(1= Fu(u)(1 = Fo(p)) < 1= ke,

Proof. For a given cutoff u, let

= VFu() Fo(p) + /(1 = Fu(p) (1 — Fo(p)).

We use the identity

1 AG) = 5 (VEG - VE@) +5 (V= Flm -~ VI—Fw)

Since both terms are nonnegative, it suffices in each region of u to lower bound either

one of them by a constant multiple of ¢*.
By Lemma 3, we have Fj(q)/F;(q¢) — 0 as ¢ — 0. Choose ¢ € (0,1/2) such that for

every q < g,

Filg) < 3 Fi(a)

Suppose first that pu € [c,¢]. It follows from the preceding inequality that \/Fj,(u) <

%\/m. Thus, we have
1—Ap) > % (\/Fe(u) - \/Fh(/vb))2

1

> gFe(M)

> Ku* > Kc*,

where the third inequality follows from Fy(u) = ©(u®).
Next, suppose that u € [1 —¢,1 —¢]. Let ¢ =1 — p, so that ¢ € [¢,¢]. By symmetry,

- Fy(u) = Fi), 11— Fyn) = Fi(o).

The same argument applied to the second squared term therefore gives

1-A (\/1—Fe — V1 - Fy(p ) %(\/Fe(Q)—\/Fh(Q)>2ZKCa-

Finally, suppose that p € [¢,1 — ¢]. Because Fj,(u) < Fy(u) for every p € (0,1), and

since Fj,(p)/Fe(p) is continuous on the compact interval [e, 1 — €], there exists p < 1 such
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that Fj,(u) < pFy(p) throughout this region. Hence,

L= AG) 2 5 (VEW) - VEW) 2 500 VB Ew) > 30— V(o) > 0

For all sufficiently small ¢, this uniform positive lower bound also satisfies

%(1 _ JPPF(e) = K.
Taking x > 0 to be the minimum of the constants obtained in the three regions yields
1—A(p) > ke
for every u € [¢,1 — ¢, which proves the lemma. O

Lemma 6. Suppose F(q) = O(q%). Fiz > o andn € (0,1/2), and let
C = nt’l/ﬁ.
Suppose that the planner uses full disclosure and that the private-belief cutoff satisfies

ot € [Ct, 1— Ct]

at every history. Then

ZIP’h(Wt <l—-¢)<ox and ZIP’g(m > ) < 00.

t>1 t>1

Proof. We prove the result under state h. The result under state ¢ follows by symmetry.
Recall that the log-likelihood ratio of the planner’s belief is ¢; = log ™ and define

1—7¢
l—Ct
Ct

B; = log . By the likelihood-ratio updating rule in (6), we can write

R o
ey @ =1

6_%“”1_&) —

Fo(pt) : _
Fi(utt)’ ifa, = 4.

Conditional on H; and 6 = h, the probabilities of taking action ¢ and action h are Fj, ()
and 1 — Fj,(ue), respectively. Therefore,

Hy| = /Fulu) Fep) + /(1= Fap)) (1 = Fi(p)-

Since p; € [¢,1 — ¢;] and ¢; — 0, Lemma 5 implies that there exist £ > 0 and T' < o
such that, for all t > T,

B, o4t

B, [ebtn

Hti| S 1-— K(Ct)a.
Define Z, = e %/2. Since Z, is H,-measurable, for every t > T,

]Eh[Zt-i-l ‘ Ht] = Zt]Eh |:6_%(€t+1_zt)

Ht} < (1 - K(e)™)Z,.
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Taking expectations and iterating from T' gives, for every t > T,

En[Z) < C 1:[(1 — Rk(cs)®) < Cexp (—FL i(cs)a) ,

s=T s=T

where the second inequality uses 1 — x < e™*.

Since {m, <1 —¢,} = {l, < B;} = {Z, > e~ B/2} by Markov’s inequality

B t—1
Pum<1—¢) < eBt/th[Zt] < Cexp (é — /{Z(CQ“) )
s=T

Let p=«/f < 1. Since (cs)® = n®s~P, an integral comparison gives

1 1—
Zsp>/xpdx—t oT p.

-Pp

Consequently, for some K, > 0 and all sufficiently large ¢,

t—1

> (e)™ = Kyt l?,

s=T

Moreover,

1 1
B; = log g—logct:—logn—l—glogt.

Ct
It follows that, for some constants C, K,, > 0,

Pp(m <1 —1¢) < Cexp (—Kntl_o‘/ﬁ + C’logt) .

Because 1 — /3 > 0, the power term t'~*/# eventually dominates logt and so the right-

hand side is summable. Hence,

Z]P)h(ﬂ—t < ].—Ct) <0

t>1

Now we are ready to prove Theorem 2. Building on the preceding lemmas, we construct
a transfer scheme under which the information conveyed by agents’ actions is at least of

*1 Choosing

order cf*, whereas the probability that a subsidy is paid is of order ¢
¢ = nt~Y8 with 8 € (a, a + 1) allows information to accumulate sufficiently quickly for

efficient learning while keeping expenditure finite.

Proof of Theorem 2. Fix a > 1 and suppose that the planner uses full disclosure, so
that vy = m; for every t. We construct a transfer scheme under which learning is efficient
and F(7) < e. Theorem 1 will then imply that B(7) = oc.

Fix f € (a,a + 1) and, for some n € (0,1/2) to be chosen below, define

c = nt_l/ﬁ.
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The planner chooses transfers to induce the following private-belief cutoft:

max{c;, 1 —m}, if m > 1,
pe(me) =
min{l — ¢, 1 —m}, ifm< %
Thus, p; € [¢,1 — ¢] for every ¢t > 1. Writing p; = p(m;) and 7, = 7(m;), the transfer
that implements this cutoff is
1—pp —my
(1= pe) (L = 7) + iy

The planner offers a transfer only when his belief is extreme, and the transfer subsidizes

Tt =

the contrarian action. If m; > 1 — ¢, then p, = ¢, > 1 — my, so 7(m;) < 0 and the planner
subsidizes action ¢. If m, < ¢;, then py =1 — ¢ < 1 —m, so 7(m) > 0 and the planner
subsidizes action h. If m; € [¢;, 1 — ¢, then uy = 1 — m, and hence 7(m) = 7, = 0.
Throughout the remainder of the proof, C' denotes a positive constant that may change
from line to line and is independent of ¢t and 7, provided that n is sufficiently small.

We first show that the expenditure can be made arbitrarily small. Fix a history H,. If
m > 1 — ¢, action £ is subsidized and p; = ¢;. Since a payment is made only when the
subsidized action is chosen, 7; < 1(a; = ¢)|1y| < 1(a; = ¢). Tt follows that

E[7 | Hy) <P(a; = ¢ | Hy)
= mFy(cr) + (1 —m) Fy(ey)
<O 4 C(1 — ) e
< C . C?-i-l’

where the penultimate inequality follows from Lemma 3, and the final inequality uses
1-— Tt < Ct.
If 7y < ¢, then action h is subsidized and p; = 1—¢;. Analogously, 7, < 1(a; = h)|r| <
1(a; = h) and hence
]E[%t ‘ Ht] S ]P(at =h | Ht)

=m(l1-F(1—c))+ 1 —m)(1—F(l—c))

=mFy(ct) + (1 — m) Fr(cr)

S O . C?-ﬁ-l’

where the second equality follows from the symmetry of (F, F;) around 1/2, and the
inequality follows from Lemma 3 and m; < ¢;.

When 7 € [¢;, 1 — ¢], no payment is made. Therefore, the bound

]E[%t | Ht] S CC?—’_I
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holds at every history. By iterated expectations,
E(r)=Y Ef] =Y E[ER | H]| <C- Y gt =ty 5
t>1 t>1 t>1 t>1
Because f < a + 1, the series on the right-hand side is finite. Thus, by choosing n > 0
sufficiently small, we obtain F(7) < e.
We next show that the same transfer scheme achieves efficient learning. Because [ > «

and p; € [¢, 1 — ¢] at every history, Lemma 6 gives
ZIP’h(Wt <l—¢) <o and ZPg(m > ) < 00.
t>1 t>1

Suppose first that § = h. Then
Prla; =0) <Pup(m <1—c¢) +Pplag=C,m > 1 —¢)
=Pu(m <1—c) +Ep [Lims1-c}Prlae = € | Hy)]
=Pp(m <1—c;)+Pu(m > 1—¢)Fn(cy)
<Pu(m <1 —¢)+ Fu(e),
where the second equality uses the fact that u; = ¢; on {m > 1 — ¢ }. The first term is

summable by Lemma 6. The second is also summable because Lemma 3 gives F,(¢;) <
Ccet™ and B < o+ 1. Hence,

ZIP’h(at =/) < 0.

t>1

By symmetry,

ZP@(at =h) < 0.

t>1
Thus, learning is efficient.

Finally, because the transfer scheme achieves efficient learning and o > 1, Theorem 1

implies
limsup |7(1)] = 1 almost surely.
t—o00
Thus, |7(v;)| > 1/2 for infinitely many ¢ almost surely, so >, [7:(:)| = oo almost

surely. Hence B(1) = E[ Y., [7(11)]] = 0o, which concludes the proof.
U
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